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It is shown that a statistical analysis of the molecular weight distribution of linear polyamino acids leads to results identi-
cal with those derived kinetically. The statistical treatment is extended to multichain polyamino acids synthesized by
polymerizing N-carboxy-a-amino acid anhydrides in the presence of a multifunctional initiator. A general formula giving
the size distribution of multichain molecules containing growing as well as terminated side chains is derived. For multichaip
polyamino acids obtained in the absence of a termination reaction, a sharp molecular weight distribution is predicted. It is
demonstrated that the maximal value of the number average degree of polymerization which is attained in the presence of a
termination reaction, when a b-functional initiator is used, is b times larger than that which is attained when the polymeriza-
tion is started by a monofunctional initiator. The fact that the ratio between the weight average and number average degrees
of polymerization of a multichain polymer composed of branched molecules containing terminated side chains only approaches
1, as the number of the functional groups of the initiator, b, is increased, shows that the molecular weight distribution is sharp

when b is large.

In a previous article! a theoretical analysis was
given for the kinetics of polymerization of N-car-
boxy-a-amino acid anhydrides, assuming an initia-
tion reaction (a) with a specific rate constant ki,
a propagation reaction (b) with a specific rate con-
stant k;, and termination reactions (c) and (d)
with the rate constants k; and ks, respectively.
Formulas were derived for the molecular weight
distribution and average degrees of polymerization
of the still growing chains, characterized by free
terminal amino groups, and of the terminated
chains, characterized by terminal carboxyl groups.

3

XH + M —> XAH + CO, (a)
3

XAH + M —> XA H + CO, (b)

k
XAH + M —> XA;COHNCH(R)COOH (c)

3
XH + M —> XCOHNCH(R)COOH  (d)
R R

l
M = 0=C—CH—NH; A = -OC——(':H—NH-
0 C=0

In the present article the molecular weight dis-
tribution of the linear chains, growing and termi-
nated, will be deduced statistically. The reactivity
of the monofunctional initiator, XH, will be as-
sumed to be similar to that of a growing chain
(i.e., by = kgand k3 = k). The statistical treatment
will be extended to multichain polyamino acids,??
synthesized recently by polymerizing N-carboxy-a-
amino acid anhydrides in the presence of multifunc-
tional initiators, XHy. It will be assumed that
each multichain molecule may contain growing,
as well as terminated chains, and that it may, there-
fore, be represented by the formula

<(Am'H)b—a
(An-1-CO-HNCH(R)COOH),

In this formula & denotes the original number of in-
itiating groups of the multifunctional initiator,
while (b — g) is the number of the still growing
chains, and g the number of the terminated
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chains. The numbers m and # determine the
number of amino acid residues in the still growing
and in the terminated chains, respectively.

The first synthesis of non-linear polymers of
controlled structure was carried out by Schaefgen
and Flory* who prepared multichain condensation
polymers and calculated their molecular size dis-
tribution. The polymerization reaction mixture
dealt with by the above authors contained multi-
chain, as well as linear polymer molecules, and the
propagation of the multichain molecules consisted
of interaction with monomers as well as with linear
polymers. The propagation reaction of the multi-
chain polyamino acids, on the other hand, proceeds
by interaction with monomer exclusively. Thus the
theoretical treatment given below for the molecular
size distribution of multichain polyamino acids
differs from that discussed by Schaefgen and Flory.*

Linear Polyamino Acids

1. Molecular Weight Distribution of Linear Polyamino
Acids Obtained in the Absence of a Termination Reaction.—
When the polymerization of an N-carboxy-e-amino acid
anhydride is initiated by a monofunctional initiator (e.g.,
the amide or ester of the respective amino acid), the prob-
ability ¢ that any specified amino acid residue will be found,
at a given instant {, in a polymeric chain started by a par-
ticular initiator molecule is given by

Lo — L
I, (1)

where L, denotes the number of monomer molecules at the
beginning of the polymerization, L; denotes their number in
the reaction mixture at time ¢, and I, denotes the number of
the initiator molecules. A better understanding of the
meaning of ¢ may be obtained by making use of the identity

q =
from eq. 1.

N tdg and by elucidation of the meaning of dg derived
0

dL, th —dL.
dg= — dLe. o = 2
e LIy’ g Lo Lolo @

Equation 2 shows that dg gives the increase in probability of
a specified amino acid residue to be found in a polymeric
chain attached to a specified initiating molecule, during the
time interval between ¢ and ¢ + d¢, at which dLs anhydride
molecules undergo polymerization. It represents therefore
the probability that a specified amino acid residue will enter
a specified polymeric chain during the above mentioned
time interval.

The probability that a specified amino acid residue will be
found outside a specified chain is therefore (1 — ¢). This
probability consists of the probability, L;/L,, of the residue

(4) J. R. Schaefgen and P, J. Flory, Tu1s Journat, 70, 2709 (1048).
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to remain as an unreacted monomer, and of the probability,

(Io,— 1)(Le — Li)/Loly, that it will be found among the

ftrxgmo acid residues of the other (/; — 1) polymeric chains.
us *

1 —g=L/L + (I, — 1)(Lo — Lu)/Lols (3)

The probability P} that any j-amino acid residues are
attached to a specified initiator molecule is given by

Py = (%) a1 = g )

As Lyisvery large and ¢<< 1 (Gmax. = 1/loatt = «),eq. 4
may be transformed into the usual Poisson formula?

i
P;" = Eq‘l];—'b) e—aly (5)
Hence the number of the growing chains Y}, composed of
7-amino acid residues is given by

Y= ILPr =1 (——qflo)] e~elo (6)

The molar concentration N} of the chains composed of j-
amino acid residues is then given by eq. 7
v* Lo)i
]V;k = -1 - (XH)O gg_]—?) e—tlo (7)
where V, N and (XH), denote the volume of the reaction
mixture, Avogadro’s number and the molar concentration
of the initiator, respectively.
The kinetic derivation of the size distribution of linear
polyamino acids, in the absence of a termination reaction,
yielded for N¥ (¢f. eq. 9al)

!
where the variable » =f M dt, and M is the molar concen-

tration of the free anhydride (M = L;/N V). Asno termina-
tion reaction occurs, and k; = k., the over-all rate of poly-
merization is given by the equation — dM/dt = k(XH)eM
or —dM/dv = ky(XH)y. The last equation giveson integra-

tion
V=M0—MQ=L0—Lt (8)
ko(XH)o kolo
The insertion of (1) into (8) leads to
kzv = qLo (9)

which correlates the kinetic terms k» and » with the proba-
bility g. Equation 9 shows the identity of eq. 7 derived
statistically with eq. 7a derived kinetically.

2. Molecular Weight Distribution of Linear Polyamino
Acids Obtained in the Presence of a Termination Reaction.
—In the present case the attachment of an amino acid
residue to a growing chain may result either in a still growing
or in a terminated chain. In the calculation of the mo-
lecular weight distributions of the growing and the termi-
nated chains two probabilities, ¢; and go, should therefore be
taken into consideration. Their values as well as the
values of their respective differentials, dg; and dgs, are

L
q‘="aisll‘ofut%f (10)
dgi = - 2 = (11)

o=~ n [
dgr = — Eox 1% (13)

In the above equations R; represents the number of growing
chains. The quotient «/(a + ) gives, at any given time
interval, the ratio between the probability of an amino
acid residue to cause propagation to its total probability
to undergo polymerization. B8/(a + 8) gives the similar
ratio for the termination reaction.

In analogy to eq. 2, d¢, defined in (11), represents the
probability of a specified amino acid residue to attach itself

(8) H. Margenau and G. M, Murphy, **The Mathematics of Physics
snd Chemistry,” Van Nostrand Co., New Yourk, N. Y., 1946, p. 425.
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by a propagation reaction to a specified growing chain at
the time interval between ¢ and ¢ + d¢. Similarly dg, de-
fined in (13) represents the probability of a specified amino
acid residue to cause a termination of a specified growing
chain during the same time interval. ¢, given in (10), is
the probability that a specified amino acid residue will be
found in a specified growing chain at time ¢. Similarly,
g2, given in (12), represents the probability that a specified
amino acid residue will have caused the termination of a
specified growing chain during the time interval 0 to ¢.
Obviously 1 — (g + ¢») gives the probability that a specified
residue will not be found in a specified chain at time ¢.

a. Distribution of Growing Chains.—The probability
that, at a certain instant, a specified initiator molecule has
attached to it a growing chain composed of j-amino acid
residues is given by eq. 14, derived analogously to eq. 4.

Py = (?) i [1 — (@ + g)]o—i

By making approximations similar to those made in the
derivation of (5), one obtains

(14)

P} = ggililﬂ e~@1+g) Lo (13)
7!

The number of growing chains, Y7, composed of j-amino

acid residues, is then given by eq. 16, and their molar con-

centration, N¥, by eq. 17.

Vi = LP¥ = jog%“)’ e—(@1+anLs (16)
Lo)é
N} = (XH), (9_‘J'°_) e~ an Lo (a7
The kinetic derivation (¢f. eq. 9c!) gave
N¥ = (XH), (_13]24"’)' e—(ka- B}y (17a)

Kinetic considerations of the type of polymerization
under discussion lead to the equations

s kR Lidt
- a1 - B s
, k3R Lidt
—dL; = Jﬁf__ (19)
: t
—dL, = —(dL; + dL?) = (ks + k3)RL e (20)

NV
where dL; denotes the total number of monomer molecules
which underwent polymerization at the time interval d¢, while
dL‘ and dL; give the number of molecules which caused
propagation and termination, respectively, during the same
time interval. From the definitions of dg and dg. it is ob-
vious that
dgi/dg: = dL¢ /dLy (21)

Inserting the values of dg¢i, dge, dL; and dL’S, given in
equations 11, 13, 18 and 19, respectively, into (21), one ob-
tains «/8 = ko/ks, or

af(a + 8) = ko/(k2 + k) (22)

B/l + B8) = ks/(k: + k) (238)
Introducing (20) and (22) into (10) and substituting » for
1/NV fo * L. dt yields

q@1Lo = kov (24)
similarly on inserting (20) and (23) into (12), one obtains
92L0 = kav (25)

Equations 24 and 25 show the identity of (17) derived
statistically and (17a) derived kinetically.

b. Distribution of Terminated Chains.—FEach terminated
chain composed of j-amino acid residues is derived from a
growing chain composed of (j — 1) amino acid residues.
Growing chains composed of (j — 1) amino acid residues
appear at any time, and each of them has a certain prob-
ability to turn into a terminated chain. The total number
of terminated chains, composed of j-amino acid residues, ata
given time ¢, is therefore the result of the accumulation of
these chains during the whole time interval between zero and
t.
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The probability that, at a certain instant, a specified in-
itiator molecule has attached to it a growing chain composed
of ( — 1) amino acid residues is given by equation 15a de-
rived from (15).

x . (@Lo)i ™!
=TG-

The probability dP; that the above specified growing
chain will have undergone a termination reaction during the
time interval between ¢ and ¢ + d¢ is given by

() 7o

The integration of eq. 26 yields the total probability, P;,
that at a certain instant a specified initiator molecule has
attached to it a terminated chain composed of j-amino acid

residues.
L @ (Loq1)7 !
P"“.ﬁa G—=1DI

The number Y; of the terminated chains composed of j-
amino acid residues will be given by eq. 28, and their molar
concentration by eq. 29.

Y,‘ = Ion
e (Logn)' !
G-

e—(@1te Lo

(15a)

dp; = (26)

e—(@1rgn Lo dg» (27)

(28)
e~@itedLo dg,
(29)

Substituting the values of ¢; and ¢. from equations 24 and
235, respectively, into eq. 29, and changing the limits of in-
tegration accordingly, gives eq. 29a, which is identical with
that derived kinetically (¢f. eq. 25¢!).

v (kzv)"
o (= DI

Multichain Polyamino Acids

In the following it will be assumed that a multichain poly-
amino acid is obtained by the polymerization of an N-
carboxy-a-amino acid anhydride initiated by I» initiator
molecules containing b reactive groups each. It will be
further assumed that the polymerization proceeding at each
of the growing side chains is unaffected by the neighboring
side chains and that the chemical reactivity of the initiating
groups toward the monomers is identical with that of the
growing chains.

In the absence of a termination reaction each multichain
molecule will obviously contain growing chains only. On
the other hand, in the presence of a termination reaction the
reaction mixture will contain multichain molecules com-
posed of growing chains only, molecules composed of ter-
minated chains only, and molecules composed of growing as
well as terminated chains. The concentrations of all the
above mentioned types of molecules will be deduced sta-
tistically below.

3. Molecular Weight Distribution of Multichain Poly-
amino Acids Obtained in the Absence of a Termination Re-
action.—The probability that a multichain molecule con-
tains 2, amino acid residues in its first side chain, m, amino
acid residues in its second side chain, m, in its rth side chain
and mp in its last side chain, may be deduced from (5) and

N; = (XH)P; = (XH)Lo

= (XH)oks; e~(ertk)v dy  (29a)

is given by the product H (A:Z—)Im—: e~ L, whereq = (Ly —

r=1
Le)/LobIy. T};e probability P} that a multichain molecule

contains j = Zm, amino acid residues, distributed inany
r=1
possible distribution among the b side chains, therefore is

given by eq. 30
Loq
P = X (
mime...mb 1']—11
(Loq)’ e~bLu Z j! (30)
7! — mbmllmg!...mb!

where the summation is taken over all possible values of
m(m, =0,1,2. . 7). As each term of the summation
represents a term m the multinomial (1 4 14 . . +1)7,
in which the number of unities is 4.

7! .
_— = i 31
b niylmg!, g 31)
Inserting (31) into (30) one obtains
b’; - ,(%'4)7 bl (32)

The total number, Yg, , of multichain molecules containing
j-amino acid residues is therefore

(bLoq

vVW=1 e—bLu (33)
and their molar concentrations, N,,, , is
- (XH)) (bL°q e~vLon (34)

where (XHy)o is the molar concentration of the multifunc-
tional initiator.
Since Lyq equals kg also in the present case, the kinetic
expression for NZ’: is given by
i
Tb* = (XH) @k;_"’) o—bkaw (34a)
Equation 34a solves equations 35 and 36 describing the
kinetics of polymerization of an N-carboxy-a-amino acid
anhydride started by a multifunctional initiator in the ab-
sence of a termination reaction.

_ d(XH,)
Ty

= R:b(XHs) (35)

= kbNUYyy — kobNYS (36)

d]\b,»

dv

The value of (XHy) as a function of time may be derived
from (34a) assuming j = 0 and (XHy) = N}

In our previous article! it was shown that, in the ab-
sence of a termination reaction, when a monofunctional in-
itiator is used (7.e., b = 1) and k2 » >> 1, the number aver-
age degree of polymerization as well as the weight average
degree of polymerization are given by kw (¢f. eq. 12a! and
15a!). Analogously in the present case, when bksy >> 1

Pp = Py = bkov (37)

Equation 37 shows that the number average degree of poly-
merization, Py, as well as the weight average degree of poly-
merization, Py, of the multichain polymer, increases with
v. At equal time values » the average degree of polymeriza-
tion of the multichain polymer is b times greater than that
of a polymer obtained when a monofunctional initiator is
used. The Poisson distribution, given in eq. 34, as well as
the equality of P, and Py, show that the multichain poly-
mer has, in the absence of a termination reaction, a very
narrow molecular weight distribution.

4. Molecular Weight Distribution of Multichain Poly-
amino Acids Obtained in the Presence of a Termination
Reaction. a. Distribution of Molecules Containing Grow-
ing Side Chains Only.—When a termination reaction occurs,
usually only a small part of the multichain molecules present
in the reaction mixture will contain growing side chains ex-
clusively. Their amount may be calculated by making use
of the equations, derived in section 2a, giving the distribu-
tion of growing linear polymeric chains in the presence of a
termination reaction. The probability that a reactive
group of a multifunctional initiator molecule has attached
to it a growing side chain containing j-amino acid residues
is given by (15); ¢1 and ¢» are defined also in the present case
by equations 10 and 12, respectively, provided that R de-
notes the total number of reactive groups of the multichain
molecules present in the reaction mixture. The probability,
Fi%, that a b-functional initiator will form a branched mole-
cule composed of b growing side chains, and containing j-
amino acid residues arranged in any possible way, may be
calculated with the help of (15) in a manner analogous to
that given in section 3.

e~d@1+en Lo (38)

(dq1Lo)i
p‘;*;.=_9]1_'_°

The total number of molecules, Y%}, containing growing
chains exclusively, and composed of j-amino acid residues, is
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given by eq. 39, while their concentration, Ni,, is given
by eq. 40.

=15 g’,g]ll'ﬁ ¢—bigi e Lo (39)

(bglLO eP@iTad Lo

= (XHu)o (40)

Substitution of the values of q1L0 and ¢.Lo, given in equa-
tions 24 and 25, respectively, into eq. 40 yields the analo-
gous kinetic equation

(bk”' e~bkatko)y

(}\}Ib)o (403)
Obviously when ks = 0, i.e., when the polymerization is
void of a termination reaction, eq. 40a reduces to 34a.

By a treatment analogous to that given in the previous
paper (¢f. eq. 12c! and eq. 14c!), it can easily be shown that
when bksy >> 1, both the number average and the weight
average degrees of polymerization of the multichain poly-
neric fraction now discussed are equal to bkw. Hence the
polymeric fraction composed of branched molecules con-
taining only growing chains represents a fraction with a
sharp molecular weight distribution, just as in the case where
no termination reaction occurred (¢f. section 3).

b. Distribution of Molecules Containing Terminated
Side Chains Only.—In the following the concentration Ns;
of the multichain molecules composed of b terminated chains
and containing j-amino acid residuss will be derived sta-
tistically. Since each of the functional groups of the in-
itiator reacts independently, the probability that such a
functional group has uttached to it a terminated side chain
composed of n-amino acid residues will be given by eq. 27
substituting # for j and defining ¢; and ¢. as in section 4a.
The probability that the first functional group of an initiator
molecule carries a terminated side chain composed of ;-
amino acid residues, the second functional group—a ter-
minated side chain composed of ns,-amino acid residues, the
7th—a terminated side chain of #;-amino acids and the last,
7.e., the bth functional group—a terminated side chain of #,,-
residues, is given by the product

b b
_ o (Lagy )"
HP”' - HL“_[; (ne — 1)

i=1 i=1

e~ (a1t Ly dqQ (41 )

Finally the probability, Py, that a specified b-functional in-
itiator molecule has attached to it j-amino acid residues dis-
tributed in any possible way between the b terminated
chains, is given by

Py = L Z Hj;q Eﬁoql 1)

Hikz... 0 f{=1

e~(a1tqa Ly dg. (42)

where the summation is carried out over all possible values

of n, ng, vee My 28,y = 1,283 ....7 — b+ 1, provided
that Zn,— = j. The concentration N,; of the multichain
i=1

molecules containing j-amino acid residues distributed among
b terminated chains will therefore be given by

N = (XHuhLd Y. H fo e %1(1;”_‘1

niNne...RE =1

e~ @ite) Ly dgs

(43)
b
where Zm =jandn; =1,2.
i=1
Inserting equations 24 and 25 in eq. 43 yields the kinetic
equation 43a

j=bF1

e~ (l2+kayv dp

b
v (kov)ni
Z H (w—_l’

N2, .My f =1

Nyp = (XHp ok

(43a)

When the polymerization is brought to a stage at which
all the growing chains of all the multichain molecules have
suffered termination, the molecular weight distribution of
the polymer will be detennined by eq. 43 or eq. 43a. If it

. KarcuaLskl, M. GEHATIA AND M. SrLA
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is assumed that &, >> k; (or, @1 >> ¢2), the following equa-
tions hold asv — « (¢f. Appendix 1).

Z Vo; = (XHs)o (44)

S iy = (XHyp)eb(ks/ks) (45)
i=b

> 2Ny = (XHyp)ob(b + 1)(ka/ks)? (46)
j=b
Equations 44, 45 and 46 permit the calculation of the num-
ber average degree of polymerization, P,, as well as the
weight average degree of polymerization, P,, of thc com-
pletely terminated polymer

> iV

Py = j—zb = b(ks/ks) (47)
> Nes
i=b
5 s
P, == = (b + 1)(ke/ks) (48)

Z FNw;

In our previous paper,l it was shown that when the poly-
merization reaction of N-carboxy-a-amino acid anhydrides
is initiated by a monofunctional initiator, the maximal aver-
age degree of polymerization which can be attained in the
presence of a termination reaction equals %,/k;. Equation
47 shows that the use of a b-functional initiator enables the
preparation of a polymer with a number average degree of
polymerization b times larger than the one obtained when a
monofunctional initiator was used.

An estimate of the spread of the molecular weight dis-
tribution of the completely terminated multichain polymer
may be obtained from the ratio of the weight average to
the number average degrees of polymerization. Dividing
(48) by (47) one obtains

P./P, =1+ 2 (49)

When b = 1, 1.e., when a monofunctional initiator is used,
P,/P, = 2, and the molecular weights are spread over a
wide range. On the other hand, as the number of functional
groups on the multifunctional initiator increases, the ratio
P, /P, approaches unity, and a relatively sharp distribution
of molecular weights is obtained. The use of a multifunc-
tional initiator, therefore, does not only increase the average
molecular weight of the polymer obtained, but it also nar-
rows its molecular weight distribution. Schaefgen and
Flory* and Schulz® arrived at a similar conclusion concern-
ing multichain polymers obtained by another polymeriza-
tion mechanism.

¢. Distribution of Molecules Containing Growing as well
as Terminated Side Chains.—In the following a ger;eral
formula will be derived for the concentration Nf(b_g) of
b-branched polyamlno acids composed of j-amino acld resi-
dues and possessmg g-termmated and (b — g) growing
chains. Asin the previous cases, it will be assumed that the
polymerization is initiated by a homogeneous b-functional
catalyst. .

The probability that the first functional group of an in-
itiator molecule is attached to a terminated side chain com-
posed of n;-amino acid residues, the second functional group
—to a terminated side chain composed of #:;-amino acid
residues, the 7th—to a terminated chain composed of #.-
residues and the gth functional group—to a terminated sidc

g
chain of n,-residues, is given by the product I[P,n, ob-

i=1
tained by substituting ¢ for b in eq. 41. The probabilit)
that the remaining (b — g) functional groups of the initiator
are attached to growing chains containing a total numbcr

(6) v V. Schulz, Z. physik. Chem., B43, 25 (1939).



Dec. 5, 1955 MOLECULAR WEIGHT DISTRIBUTION OF LINEAR AND MULTICHAIN PorLyaMINO Acips 6179

of j — Zn. amino acid residues may be deduced from eq.

38 and i 1s glven by eq. 38a

[ }J_ .él "
pl-o* ,  _ L= dald °

b-g,Ji— Z n; g
=1 s Z 7y 1

i=1

e—(b—0)(g1+ea) Lo

(88a)

Hence the probability that a b-functional initiator will form

a multichain molecule of j-amino acid residues, and will

carry on its first g-functional group—terminated chains

containing 71, #s .... #, amino acids, respectively, and on

the remaining (b — g) functional groups—growing chains
I

containing in total j-Zm amino acid residues, is given by
i=1
(b—g)*
Po-0. - >: ni H Pn;. Asgmay be chosen
i=1

the product

from & by <§) ways, the probability that a d-functional in-

itiator carries g terminated chains as above, but irrespec-
tive of the order on the b-functional groups of the initiator,

(2)7 [I 2w

i=1
Finally the probability, P,(,IJ’- -

(b—g)*
b= g),J—Em

has to be evaluated,

taining terminated chains only, given by (43), may be de-
b

band ) n; = j.
1=1
centration of the multichain molecules, Ng;, containing
growing chains only and obtained in the presence of a ter-
mination reaction, may be deriv;)ed from (51) by putting

rived from (51) by putting g = The con-

In this case #; = 0and Zn.- = 0, and the product
i=1

of integrals appearing in this equation reduces to unity.
As each n; = 0, the summation is taken over one set of
variables n; = #; = n; = .... #n, = 0 only; and the compli-
cated term under the summation reduces to (bgiLo)?/j!
With this, and remembering that g = 0, one obtains from
(51) eq. 40 for Ng; derived previously. When no termina-
tion reaction takes place, g = 0 and ¢ = 0, and thus (51)
reduces to (34).

The concentration, N;, of the terminated linear polymer
molecules is given by (29). This equation may be obtained
from (51) by putting & = 1; g = 1, and reducing the set of
variables #yns .... #,, to the one variable n = j only. The
concentration of the linear growing chains, N;*, in the pres-
ence of a termination reaction, given by (17), may be de-
rived from (51) by putting 8 = 1, g = 0Oand n; = 0. In
the absence of a termination reaction ¢ = 0, and eq. 17
becomes eq. 7.

Inserting into (51) the values of ¢;Lo and ¢:L, given in
(24) and (25), respectively, one obtains an expression giving
the concentration of N,(,?- ~ &% in terms of the propagation
constant k,, the termination constant k; and the time vari-
able ».

g =0.

Loyt e—(katka)y dy

N =% = (XHb)0k3”<Z>e‘(b—g)(kz+kz)v D [(b —2) k?”j|
<J— Som

ning...Rg

that a multichain molecule contains g terminated and (& — g)
growing chams, and be composed of j-amino acid residues
distributed in any possible way among the terminated and
the growing chains. In the calculation of this probability

g
it should be borne in mind that E n; may take each of the
i=1
following values: g, g + 1, g + 2, .... 7y and each of the
n:’s may have the values 1, 2, 3, ] — g + 1. The total

probability P(b = &% is thus given by (50), where the sum-

mation should be carried out over all the permitted sets of
values of »y, s, .... 71,

S IO
nine...ng \§

The concentration, N(b -8 *, of multichain molecules con-

taining j-amino acid re51dues and possessing g terminated
and (b — g) growing chains, is obtained from eq. 50 by
multiplying with (XHy) and by substituting the values of
b —-g*
P(b —),i— E i and of ﬁ Pn; from equations 38a and
i=1

b —*
(b~g).i~ En.HP" (50)
i=1

(b —g*
ij

41, respectlvely.

=1 4 n
Né? —* (XHb)OPl(,? —-* - (XHb)oLo”<§)e‘(b ~0@+ah 3 (b - g)Q;Lo H foqf (Logi)™

g
whereZn,- =gg+1,...5;andn;=1,2,...57 — g+ 1.
i=1
Equation 51 gives the size distribution of the most gen-
eral type of multichain polyamino acid and should obviously
reduce to the size distribution of the various special types of
polyamino acids deduced in the previous sections. Thus

the concentration of the multichain molecules, Ny;, con-

e = 1)1 1), (51a)

11 J,
) S

i=1

g
.Jj—g+land Y, m=g¢g+1,

i=1
It is of interest to note that eq. 5la solves the differential
equation 52 describing kinetically the rate of formation of
N,gg — &% (¢f. Appendix 2).
dNG — *
— e = — (e + WO — N, T O
ka(b — QNE 8] + k(b — g + DNEEF U (52)
Discussion

The statistical treatment given above for the
growing and the terminated chains of linear poly-
amino acids yielded an expected molecular weight
distribution identical with that derived kinetically
and discussed in a previous article.! The following
discussion will deal therefore mainly with multi-
chain polyamino acids.

In the derivation of the general eq. 51, as well as
in all the other equations dealing with multichain

n; = 1, 2,

g

-1
me —(a+g2) LUdQQ

Bl...Ng s A i=1
<J ;;1”) (51)

polyamino acids, it was assumed that all the mole-
cules of the multifunctional initiator are equal. It
should be borne in mind, however, that similar
formulas will hold also when the multifunctional
initiator is a high molecular weight material with a
molecular weight distribution of its own. The poly-
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mer will consist in the latter case of multichain
molecules containing different numbers of side
chains, and the concentration ’V},f = 9% of molecules
having (b — g) growing and g terminated chains,
and composed of j-amino acid residues will again
be given by eq. 51, where (XHy,); denotes the initial
concentration of the fraction of the initiator pos-
sessing b-functional groups. The total concentra-
tion of molecules having a constant number of j-
amino acid residues as well as g-terminated chains
and a varying number of side chains 5, will be

given in this case by the suin bZ Ny = 9%,

4

In the preparation of most of the multichain
polyamino acids described,? polylysine was used as
initiator. Since polylysine prepared in the ab-
sence of a termination reaction has a Poisson molec-
ular size distribution,!® it is of interest to evaluate
the molecular weight distribution of a multichain
polyamino acid in this particular case. If the
concentration of initiator molecules containing
functional groups is given by

LARAY ]
NE = (XH)y —(kb”_,)
an equation identical with that given in equation 7a,
and if the polymerization leading to the formation
of a multichain polymer is not accompanied by a
termination reaction, it can easily be verified that
the number average degree of polymerization of

> XNy

e—k'v'

the multichain polymer, defined by P, =2=14=0

b=1j=0
as well as the weight average degree of polymeriza-
tion, defined by

[Me
™

-
]21Vbj

o
i
—-

0

[Me
™

«arh¥
]ij

o
I
—

0

7

will both approximately equal (2'v") (ke»), when
k'v’ >> 1. This expression is similar to equation
37, since (k'»") is the average degree of polymeriza-
tion of the multifunctional initiator used. By an
analogous calculation it can be shown that when the
same multifunctional initiator is used, but the poly-
merization reaction leading to the formation of the
multichain polymer is composed of a propagation
as well as a termination reaction, the number aver-
age and the weight average degrees of polymeriza-
tion of a polymer containing terminated chains
only will be given approximately by (2'»") (k2/Es),
when ks >> ks, v — o and &'»" >> 1. The last
expression is similar to equations 47 and 48 derived
for a homogeneous initiator.

Equations 34 and 34a show that, in the absence
of a termination reaction, polymers with high mo-
lecular weights may be obtained by making use of
initiators with a great number of functional groups,
and by continuing the polymerization for long pe-
riods in the presence of an excess of N-carboxy-a-
amino acid anhydride. In the presence of a termi-
nation reaction the polymerization is brought to

E. KarcuALskl, M. GEHATIA AND M. SELA
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completion when all the side chains of the multi-
chain molecules become terminated. For such a
case the number average degree of polynierization
equals b(ks/ks) (cf. eq. 47). In our previous work!
it was indicated that the magnitude of the termina-
tion constant k; does not exceed a few percentage of
the propagation constant k,. If it is assumed that
ks/k; equals 10 to 100 and the branched polyiner
grown on a multifunctional initiator, such as poly-
lysine, with an average number of functional groups
of b = 10 to 50, a maximal average degree of poly-
merization of 100 to 5000 will be expected. As the
average molecular weight of an a-amino acid residue
is about 100, maximal average molecular weights of
10,000 to 500,000 may be obtained.

Multichain polyamino acids may be prepared in
aqueous media.?3” A part of the anhvdride mole-
cules decompose in such media to yield the corre-
sponding amino acids as well as short peptides.®®
Obviously the value of » will depend on these side
reactions which diminish considerably the amount
of the N-carboxy anhydride available for polymeri-
zation, The equations derived for the molecular
weight distribution of the various forms of multi-
chain polyamino acids will hold, however, also in
the presence of side reactions, provided that the
experimental values of » are used.

The polymerization of N-carboxy-«-amino acid
anhydrides in aqueous media, using proteins as
homogeneous multifunctional initiators,27!° seems
of particular interest, since the attachment of vari-
ous peptidic chains to the protein under mild con-
ditions leads to modified proteins with new chemi-
cal and biological properties. From the formulas
derived it can be predicted that the attachment of
polyamino acid chains to the proteins under the
above conditions will not change very significantly
the homogeneity of the protein molecule.

Among the homogeneous initiators which could
be used in the preparation of multichain polyamino-
acids, tri-, tetra-, penta- and higher polyamines as
well as glycerol and other polyalcohols might be
mentioned. The basic polvamino acids, polylysine
and polyornithine, as well as other synthetic poly-
mers such as polyvinvlamine and polyvinyl alcohol
may serve as possible high molecular weight multi-
functional initiators with a molecular weight distri-
bution of their own.

Although our discussion of the molecular weight
distribution was devoted entirely to multichain
polyamino acids, other multichain polymers may
be included in the same category. Thus from the
study of the polvmerization of ethylene oxide!! it
seems that its polymerization initiated by polyalco-
hol (e.g., polyvinyl alcohol}, will lead to the forma-
tion of multichain polymers with a molecular size
distribution similar to that given for multichain
polyamino acids obtained in the absence of a termi-
nation reaction.

(7) R. R. Becker and M. A. Stahmann, J. Biol. Chem., 204, 745

1953).

¢ (8))E4 Wessely, K. Ried! and H. Tuppy, Monatsh., 81, 8681 (1950).
(3 R. R. Becker and M. A. Stahmann, J. Biol. Chem., 204, 737

1953).

¢ (103 H. Fraenkel-Conrat, Biochem. Biophys. Acta, 10, 180 (1953).

(11) H. Hibbert and S. Z. Perry, Can. J, Research, 8, 102 (1933);
P. J. Flory, Tuls JOURNAL, 62, 1561 (1940).
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Appendix I

When the polymerization reaction is brought to
completion and the multichain molecules contain
terminated chains only, the total molar concentra-

tion of the terminated multichains, Y N3; obviously

i=
equals the initial concentration (XHy), of the multi-
functional initiator. Equation 44 is thus self evi-
dent. It is instructive, however, to show that
(43a) satisfies this equation. Defining a new func-
tion, ®x;, eq. 1%, and inserting it into (43a), one ob-
tains eq. 2%

n.—1
®n; = (XHe)o!® ks g @)_‘_1)_' e~(katkv dy  (1%)

0 (n —

b
wheren; = 1,2,3,....7 — b+ 1; and'zm=j

i=1

b
Ny = Z II Py (2%

Hing...nb §=1

Hence

(3%

Zw: Z lbI Dny

j=b mine..mb {=1

Z Ny;
i=b
The identity given in eq. 4* can be easily verified

® b b © b
Z Z Hq)m = Z H‘?m’=<z ‘im‘)
F=b m..nb j=1 Ny f=1 ni=1
(4%)
where
n =123..7—5+1
b

ni =123, .

b
Sm=bb+1b+2.

i1

From our previous article! (¢f. eq. 26¢ there) it can
be deduced that as » -

Z Sn; = (XHp)ol?
ni=1
Finally, froin equations 5%, 4* and 3* we obtain eq.
6* identical with (44)

(3%)

Z Ny; = (XHb)o
i

(6%)

b
Putting >, for j and (2%) for N;; one obtains
=1

2 ]blcpn.-) (7%)

nine.nb §=1

£ E(E)

j=b\i=1

b
where n; = 1,2,3...7 — b+ land > n; =j. Pro-
i=1
ceeding with a treatment analogous to the one given
above and taking into consideration the symmetry
of the terms on the right-hand side of the last equa-
tion, (7*) becomes

w ® ® -1
Z:ijbi = b< > ¢n;)< > q’m‘) (8*)
j=

ni=1 ni=1

The value of Y #;®. for the limiting case ks >> ks
ni=1

and for » = « may be derived from eq. 33 of our

previous paperl.

Z ni®n; = (XHp)o!® (ko/ks)
ni=1
Equation 10%*, identical with eq. 45, is finally ob-
tained on inserting (5*) and (9*) into (8%*).

(9%

3 iNy; = (XHp)ib(ks/Es) (10%)
i=b

By a treatinent similar to the one given above we

obtain for ) 72Ny;
i=b

£oee 55 (5 1) -

Fj=b\i=1 Hleoftb =1

® ® b—1
b< Z n,'2q>n.')< Z ‘?ni) -+
ni=1 ni=1
® 2/ b—2
b2 — b)< Z n,"i)n.') < Z ‘?n;) (11%)

ni=1 ni=1

The value of Y #;2®,, for the limiting case ks >> k;
ni=1
and » = o may be derived from eq. 35 of our pre-
vious article!
> nmitdm = (XHyp)ol 2ks/ks)?
ni=1
Equation 13* identical with (46) is finally obtained
on inserting (5%), (9*) and (12%) into (11%)

(12%)

2 2Nep = (XHo)eb(b + 1)(ko/ks)?  (13%)
j=b

Appendix II

Defining new functions, Uy, Uz and U, equations
15%, 16* and 17%, respectively, and introducing into
eq. 5la, one obtains eq. 14*

1\'7[;;7 - o* = Ul Z LrgL"s

n1...Mg

Uy = (X, )ekS <Z> e—(b—g)(ki-tka)v (15%)

[ J]— é g
(b — kv | !

(14%)

U, = P (16%)
<_] — Z ‘m).’
i=1
£
. v (b n..—l
i=

Differentiating (14*) with respect to » one finds
avg =P g,

i . Z U Us +
n..ng
d dr;
U, Z —dgz Us + Uh Z U, _d_s (18*)
ng 07 ..M v

Eq. 15* becomes on differentiation with respect to »

d
S R SI

Thus

4,

5 2 DU = =(b — 9k + kNG~ 9% (19%)

n...ng
Equation 19* proves the equality of the first term
on the right side of (18*) with the corresponding
term on the right side of (52).
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Differentiation of (16*) with respect to » gives

g
j—l_'E ni
[(b kzvj| -
g
<] -1 - Z ni>'.
i=1

o= — ok (20%)

= ge‘(k2+ks)v Z
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where
= (kv )" kabka)v
Fo= fO (T:—l)— e~ (k2 Jv dw

Because of symmetry (each #; and #, equals 1, 2,
3,...7 — g+ 1), g equal terms are obtained when
the second summation, carried out over 2 = 1 to g,
written explicitly. Hence

(kgv

- dly
5

M.l

£
In this equation > n, =g, ¢+ 1,...(j — 1) and
ic1

g—1—3

d s s —~ (ko)
~— = ket kv P S
E U,y ” ge~(hatky) 2

r=1

mo=12,...(j—¢. Hence

N1 Ry <

g
- Z 7Zi>! pEi

H Fr (24%)

‘r=1
i=1

Equation 24* may be written in the form

4 g
PIETRE } <.7' ~-1- X n.») - = D{j —1— nr
r=1 =g+l (b - r=1 ’_1 i

r=1

fried <j -1- Z’m)l e l:<] -1- Z’m) - (ni = IJ!(%; - A

(25%)

As the sum over #,; in the last equations rcpresents

- dL'Q
L‘1 Z E'

Al Hg

Us = k(b — 0000 D

ni..1g

where V, b?; __g)l; is derived from (51a) by replacing j

byj— 1.

i-1-2
Z Lz—— = ge (k2+ka)v Z’ A.(.].e}v)—g_

iy mong | . '
e Z nr)!
< y=1

nrFEN

-1
r=1
ne=(krt+ks)v Z' Lo —g+1 kgvj|

Equation 21* proves the equality of the second
term of the right side of (18*) with the correspond-
ing term of the kinetic equation 52.

Differentiation of (17%) with respect to » gives

s _ otk (o)™ f (kov )™,
dv (+S)Z(m—1'H o(n,—l

i=1

where TI' denotes a product of all the 1r1tegrals corre-
sponding to the integral values » = 1, . g, ex-
cept for the particular integral for Whlch r = 1
In the following a prime (/) will denote operations
in which a specified term is omitted.

From (22*) and (16*) we obtain

e—(ke+kiv dy

l: j|j - § ni
(b = glkay -

Us = k(b — N{Z7 5] (219

the sum of terms of a multinomial, eq. 25* gives

W
I on,

(26%)

4
. L[/ 7
<j -—1-3 ”r>! ol

i=1

N g
nr#En,

It should be noted that the total number of vari-
ables #, in the last equation is only (g — 1).

From (15%), (26%) and (14%) it finally can be
shown that the last term of (18%) is

D D R

n...ng

(22%)

(27
Equations 19%, 21*, 27* and 18* prove that (5la)
satisfies the kinetic equation 52.
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